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Abstract

Using simplified Richards-Wolf formulas we showtteser light with azimuthal polarization
and singular phase can produce a smaller focaltbpatthat from a laser beam with radial polari-
zation, other conditions remaining the same. humerically shown that when focusing an azi-
muthally polarized laser beam with phase singylarging a zone plate a 1.3 times smaller focal
spot can be attained than when an aplanatic lemseid. A spiral phase plate can be replaced with
a phase step withmaphase shift. In this case the subwavelength fepat from a laser beam with
azimuthal polarization, which is formed near thaeplate surface, loses circular symmetry, while
becoming smaller and acquiring an elliptical formhwadiuses of 0.273and 0.314 (NA=1).
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Introduction

It has been numerically shown [1] that a Besselss3
laser beam with azimuthal polarization having pas
through a spiral phase plate (SPP) with the upiblagical
charge forms at the focus of a high-NA lens a swiewg
length circular focal spot that is smaller in diaenehan for
radially polarized incident light. Using the RictisfWolf
formulas [2], it was also shown [1] that for an aaltic
spherical lens with NA1.4 (immersion with a refractive
index of n=1.518), for the azimuthal polarization and sing
lar phase the focal spot size at half intensity
FWHM=0.34\, whereas radially polarized light producq
the focal spot of size FWHMO0.40. in the same conditions|
A is the wavelength in vacuum [3]. However, no fiioaimu-
las to describe the intensity of azimuthally paled light,
transmitted through an SPP, in the focus of tharapic lens
were proposed in [1-3]. In [4], it was numericadiyd exper-
imentally found that a Bessel-Gauss laser beam adth
muthal polarization having passed through a SPPadiod
cused by a lens with NA1.4 produced a focal spot of siZ
FWHM=0.25\. This is certainly a fairly good result, but
does not correspond with the results reported,ig][1

In [4] an incomplete formula for the electric fialdc-
tor in the focus of the lens for an azimuthally gva@ed
laser beam having passed through a SPP was proposg
that formula, there was an explicit azimuthal dejsste
of the amplitude and the focal spot was shown odiet
circular. Other known papers reported studies eftitht
focus of inhomogeneously polarized laser vortexnimea
(with radial and azimuthal polarization) by mearfs
phase diffractive optical elements with a singuaase
[5,6]. The size of the focal spot can be furthelueed us-
ing a circular aperture [7,8].

In this paper, we show that the intensity distriduot
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larized laser beam having passed through a SRHRliisl+
u ly symmetric. Based on the derived relations, walita+
Letively show that the diameter of the focal spotriran az-
imuthally polarized field with singular phase is ater
than that from a radially polarized field, othemddions
remaining the same. Also, we show numerically that
replacing the SPP with a phase step withrtfdhase de-
lay an elliptical focal spot of a smaller sizeasifid in the
focus of the zone plate, instead of a circular dvete
that the sharp focus of a laser beam with linedarpza-
Ution having passed through a phase step withase de-
afay was considered in [9].

o

Theoretical comparison of focusing light beams
with radial and azimuthal polarizations

The electric field vector of a coherent electrometign
wave in the focus of an aplanatic lens is givefi2y$]:

E(r,,2) = ifTsineE ©)co¥?6T 0 P ¢ X "

e xexp[ikn(zco®+r si® cog(-y )] dody |

where(r, ¢, z)are cylindrical coordinates in the focal plane,
(@, y) are the polar and azimuthal angles between the geo
metrical focus point and the exit pupil of the apléic lensk

is the wave numben is the refractive index of the medium

—

b
in the focal plane, and), = arcsir(Mj is the angle aper-
n

ture of the lens. The complex amplitude of an iewtdvave,
for example, a Bessel-Gauss beam can be found as:

0= 2] o 22

wheref — parameter equal to the ratio of the radius ef th
pupil of the lens to the radius of the laser beaistv

(0]

(2)

in the focus of an aplanatic lens from an azimiyhab-

Matrix 3x3 in (1) can be expressed as:
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sin® P + coB cody

sin® coqp sird sinp

The polarization vector of the incident light fieid
(1) can be found as:

P(y) =[-siny, cosp , § (4)
for azimuthal polarization and
P(W) =[cosy, sinp , (5)

for radial polarization.

Substituting (4) in (1) and taking into account, (@¥
find that for the azimuthal polarization only ongrauth-
al projection of the electric vector contributeghte focal
spot (with the other projections being equal t@xer

e0
E,(r.2)= 2nij sind cod? 6E @ X
o (6)

xJ, (krnsin®) exp( iknz co$®) @ ,
whereJi(X) is the Bessel function of the first order.

It can be seen from (6) that a bright ring withian
tensity null on the optical axis is formed.

To obtain an intensity maximum on the axis it w|
proposed in [1] that the lens be illuminated byra#hal-
ly polarized light having passed through a SPP W
transmittance F (/) =exp(imy) , where m=1. In this

case instead of the functioB(0) in (1) the function
E(0) = exp(¢p) needs to be considered. Then from (6)
obtain only two transverse Cartesian coordinatethef
electric vector:

E (r,0,2)= nf sinB co$?0E @ X

x[ €3, (krnsin®) + g, ( krmsing) | 7)
xexp(iknz co$) & ,

E,(r.$,2)= T[if sinB co$?6E @ X

X[ez“" J, (krnsin®) = 3, ( krnsine)]x (8)

xexp(iknz co®) d .

Expression similar to (7) and (8), but incomplete
were derived in [4]. It is seen from (7) and (8attlthe
complex amplitude explicitly depends on the aziraltl
angle ¢. That is, it is not clear from these formuld
whether or not the focal spot is circular. Howeverye
write the expression for the intensity in the fopkne (at
z=0), the circular symmetry of the focal spot is aws4:

) =[E [ +[E,[ =

=

2

=2 T[f sin6 cod” 6E @ Y, (krn sid)do| + 9)

2

2

69
[ sin® cos” 6E @ ), (km sid)dd
0

ith

o

cop sip (c6s 1 d4En a
T(6,y)=| cosy sinp (co®— 1) cdsp+ cOs Sy -

€§in gin.
cas

()

For comparison, we write down the non-zero projec-

tion of the electric vector for the radially polsed light
field in focus, derived from (1), (3) and (5):

E (r,9,2)= —2T[J9 sinB co&?0E @ X

(10)
xJ, (krnsin®) exp( iknz co$®) @ ,
E,(r,¢,2)= 2T[i£ sirt 8 cod?6E @ X an

xJ, (krnsin®) exp(iknz co$) @ .

From (10) and (11), the radially polarized fieldseen
to have in the focus only two projections of thectlic
vector: the transverse radial and longitudinal lagizes.
From (10) and (11) we obtain the intensity disttibu in
the focal plane (z = 0) for the radial field:

Irad (r) = |Er|2 +|Ez|2 =
2
=4

+ (12)

8y
nj sinB cod?OE @ ), ( krn siiB)
0

2

4

69
[ sir 8 co$” 6E @ Y, (km sird)dd
0

From the comparison of (9) and (12) it is diffictdtde-

Sermine which of the foci is smaller in diameteanr (& radial-

ly polarized beam or an azimuthally polarized beaith

singular phase). Although in front of the terms(12) is
four, and (9) - two, the terms themselves are wiffe In the
second term in (9) and (12) is the same zero-dBessel
function, but in (12) there is the sine squardticivgives a
smaller area under the curve than when a sindidanis

used. Therefore, a two-times difference in the fudefits
can be compensated due to different integrands.s@hee
applies to the first term in (9) and (12).

In (9) is the second-order Bessel function, in e
area under the curve is smaller than that of ttet-dirder
Bessel function, which is the first term in (12)f the cosine
in (12) to the power 3/2 has a smaller area, thame to the
power 1/2, which is found in (9). It is possibleatcurately
calculate the maximum intensity at the focus of tive
'beams (9) and (12) when the lens is illuminatec Ipjane
wave with a unit amplitude and maximum numericarap
ture in free spac&(0) =1 andbo=m/2.

Then, (9) and (12) on the optical axis (at0) take the
form:

L 1 g2\ V4 2 _ Z 2
Iaz(r—O)—2n£E(1 £) dg _2;12(3j . (13)
o =0)= 4 €2 (1-82) | =

o (14)
:4T[2[r(3/2)r(3/4)} _
2r(9/4)
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From (13) and (14) it follows that the ratio of leein-
tensities is nearly equal to 1:

I/l .4 =0.967C. (15)

It can be concluded that the second terms in @) &2)
give almost the same and the main contributiotise¢docus
size, and if there is a difference in the sizeathldoci, it is
determined by the first terms in (9) and (12).

It can be evaluated qualitatively which of the ffir
terms in (9) and (12) drops faster with increasiadial
coordinate. For this we use a reference integi@t [1

jlx"’l(a2 - xz)[HJv(c& dx=
2pra+v-2v F(B)F((C( +V)/2)
27 I((a+v)/2+B) I (v+1)

X F ((+V)/2, @+v)/2+B v+ 1,-a°c 14

=2 (16)

In (16), I (x) is the gamma function and the hyperg
ometric function is given by [11]

), ¥
0 C'd'x)zé(cgkzd)k K

(b), = b(b+1)....(b+ k- 1).

The first term in (9) is proportional to the squarfe
the integral E(0) =1 andfo==/2):

fe(1-g2)™"9, (g yde ~ (kry?x

0

(17)

(18)
x,F,(2,11/4,3- K°r? 14)

and the first term in (12) is proportional to tltpiare of a
different integral §=1):

Je(-&) 2ttt - (k) < 19

xF,(3/2,11/4,2- *r? 14) .

It is seen from (18) and (19) that with increasoig
(kr<<1) they increase quadratically and linearly, resp
tively (taking into account thaf,(0)=1). For small val-
ues of the argumenki(<< 1) the linear function is grow-
ing faster than quadratic. The second term in (@) @2)
subside at about the same rate, since they haveathe
maximum (15). Therefore, the first term in (9) adalg
smaller positive value to the second decreasing than
the first term in (12) does to the second decrgatgm.
Thus, the sum of the two terms in (9) decreaserfa
with increasing than the sum of the terms in (12). Th
trend is not impeded but helped by the decreastheof]
hypergeometric function in (18) and (19).

Indeed, from the form of the hypergeometric funeti
in (17), the coefficients of the argumentire seen to bg
be proportional to 2k in (18) and to (R+1)!! / (2k+2)!! in
(19). That is, given the same value of the functogu-

ment (17), each member of a set of the hypergedametr

function in (18) is smaller in absolute value tlihe cor-
responding term of the hypergeometric function 1if)(
That is the hypergeometric function in (18) decesa

function in (19) does. This means that in (19), lthear
term grows faster and the hypergeometric funcsiob-
sides more slowly than grows the quadratic term r@nad
cedes the hypergeometric function in (18). From the
above reasoning it follows that the diameter of fiteal
spot for the azimuthal polarization with a singutdrase
(9) is smaller than the diameter of the focal dpotthe
beam with radial polarization (12), other condisore-
maining the same.

In addition, we show that for small values of thie a
gument of the Bessel function&rg&<1) the intensity
function (9) and (12) fall down in different ways.

Taking into account (16), instead of (9) and (12 w
can write E(6) =1 andBo =11/ 2):

e
x,F,(2,114,3 (k) /4)}2 ¥
J{ re4r(y

2r (7/14)r (9
%, (L 774,27 (ke )’ /4)]2} ,
| g = 4T {{

x,F, (312,114, 2- ()’ /4)}2 "

1

x,F,(312,9/4,1- (kr)’ /4)}2} ,

S

2 y
3

D

(20)

(kr) F(574)T (319
4 T1(114r(2

r(4r(sg D

2r (9/4)r (1

It is follows from (17) whenx<<1 that
F,(b.cd X =1+ (bcd) » (22)

Taking into account (22) whelkr <<1 instead of (20)
and (21) we can write with accuracy up to seriesnme
bers kr)*

l,,=0.89 1= 0.24kr)’),

oo =0.927 1 0.26kr)°). (24)

Note that similarly to (20) and (21) in [12] it was
Sshown that the rate of intensity decrease in tleeifdor
the azimuthal polarization with singular phaséhiss $ame
as that for the radial polarization (see egs. @8) (31)
in [12]). But in [12] the authors did not consideiposi-
tive contribution of the first summand in braces(21).
This is the summand that makes a slower decrease of
intensity in the case of radial polarization.
From (23) and (24) we see that for small arguments

(kr<<1) the intensity in the focus varies quadraticailhy:

| the case of the azimuthal polarization the intgndi-
creases faster than for the radial polarizations Tieans

EC

(23)

S

D

—

U

more rapidly with increasing, than the hypergeometri¢
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that the intensity of focus for the beam with taeauthal
polarization drops faster (and thus has a smadlend di-
ameter) than for a beam with radial polarizatiohisTwas
confirmed by the numerical results reported in {4],3

In the next section light focusing near a microlsas
face is considered. Evanescent waves are accofanted
the focus spot forming. The evanescent waves wete
taken into account in (1). That is why it is expedito
check whether the focal spot diameter is smallar iige
microlens surface when the azimuthal polarizatiat &
singular phase is used instead of the radial [maltioin.

Numerical comparison of the focusing of light,
having passed through different phase plates

Next, we numerically show that, firstly, if we fogu
the azimuthally polarized beam transmitted through
SPP by a short-zone plate, the diameter of the &yt
is smaller than when we use an aplanatic lens. getd
ondly, if the azimuthally polarized beam is pass
through the phase step with a phase delay, tiie focal
spot loses radial symmetry, but is reduced in size.

Let a laser mode with azimuthal polarization faitam
an SPP with transmittance d¥(¢)=expim¢) when
m=1. The electric vector amplitude has the following
projections on the transverse Cartesian coordinates

E,(r,¢) = -1 exp(~ ¢ > v*)) sinp,

E,(r.0) =1 exp(~ ¢ 2 W?)) cosp . (25)
After passing through the SPP the projection of {
electric vector (25) will be:

E (r.d)=-r exp(—(2 W2 )+i¢) sind,

E,(r.0) =rexp(— ¢ 2 W?)+i¢) cosp. (26)

The light field (21) still has the azimuthal polztion
and has no longitudinal component of the electector.
Next, the light field (21) falls on a short-focuméry mi-
crolens (zone plate, ZP) (Fig. 1) with a focal léngf
f=532 nm (numerical aperture ZP N4.995). The laser
light wavelength iS\.=633 nm. The ZP relief depth wa|
equal to 510 nm, and the diameter —utd. The ZP had
12 rings and the central disk and made on a reistthe
refractive index 1.52. This ZP was chosen for miodel
because it was earlier used for the experimentshen
tightly focused laser light [13]. A wavelength 3% nm
(rather than 532 nm) was chosen because at figsinih
cropolarizers were made to convert linear polaiorato
radial and azimuthal polarizations, and they omert
this wavelength [14]. The focusing of light with pli
tude (26) using a ZP (Figure 1) was numericallywat
ed by FDTD method, realized in FullWave softwarbeT]
grid discretization step was equal to O2. Other
simulation parameters: the size of the calculatioga is
10x10um, the Gaussian beam radius 3.5um. Fig. 2a
shows the intensity of the beam (25) incident an 3iPP.
Fig. 2b depicts the phase of the SPP.

Fig. 3 shows the amplitude,(c) and phasel d) for
the projections of the electric vector of the lighdld
passed through the SPP and falling on the ZzZP

)

ed

Fig. 1.):Ex (a, b) andEy (c, d). It is seen from Fig. 3 that
the polarization of the light field after the SRMb long-
er azimuthal.

Y, um

-6 4 -2 0 2 4 6
Fig. 1. The view of the simulated ZP in a FullWavedeiv with
overlayed intensity of an incident field (negative)

Intensity Phase
Y,um 1=0 1 ¢EO:21|1
4 @5 ()
. -
o -
2 -
'4'|”””X:u|m§ 25 [

-4 -2 0 2 4 4 -2 0 2 4
Fig. 2. The intensity |E|(negative) of the beam (25) with
azimuthal polarization (a) and the phase of the $BP

Al |y P
Y,un =0 1 $=0 21
4 @5 (1)
21 -
0- =
-2 %
-4 X, pm|=
42 0 2 4
AMPlItUde ey —
Y,Ln =0 1 $=0 21
4 ©= @
2 =
0] -
-2 %
-4 X,um% X4
4 2 0 24 4 2 0 2 4

seé:ig' 3. The amplitude (a) and phase (b) of Ex field amplitude

(c) and phase (g) of Ey field incident on the Z@.(E)
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Fig. 4a shows the intensity profile in the focus of the 4
in Fig. 3 (at a distance=z40 nm).

6 1l au.
5_
4_
3_
2_
1_
0' R,um
a) -2 -1 0 1 2
FWHM, A I, a.u.
10
0.374 [ 9
\ - 8
- \\ [ 7
0.357 \ Along X |6
——————— Along Y
i ———-1I,along ZJf 5
0.33 4
' \\\ B 3
1 T - 2
0.31 R ——=
0) 0 0.1 0.2 0.3

Fig. 4. The radial profile of the intensity in tE® focus (Fig. 1)
of the azimuthally polarized field with a phasegsitarity (Fig.
3) (a) and the dependence of the focal spot diana¢tealf
intensity (FWHM) on the longitudinal coordinatet®;(
dependence of intensity on the optical axis orZthealue

Fig. 4 shows the dependence of the FWHM (in wa
lengths) on the longitudinal coordinate z after #fe The
diameter of the focal spot at a distaneet@ nm is equal to
FWHM=0.324,, and at the distance=200 nm it is equal to
FWHM=0.372.. The maximum intensities at the focus
these distances (in arbitrary units) drex(z=40 nm)=5.4
and Imax(z=200 nm)=1.712. For comparison, the diamet|
of the focal spot of a Bessel-Gaussian beam witlazn
muthal polarization and singular phase focused aitlap-
lanatic lens with a numerical aperture NA4 is
FWHM=0.34\ [1, 3]. Up to a calculation error (0X2the
diameters of these focal points coincide, but thenerical
aperture in [1, 3] is 1.4 times greater.

Note that for the light of waveleng#h=532 nm inci-
dent on the ZP, the size of the focal spot (F&). &t a
distance of z500 nm from ZP is smaller in wavelength
(FWHM =0.34\), than for the wavelength &f=633 nm
at a distance of 2200 nm (FWHM=0.372)). Although
in the focus (z500 nm), the focal spot is not round af
more (Fig. ®). The use of the wavelength of 633 nm
due to the perspective of experiments with a miclap
izer [14] designed for this wavelength of light.

Interestingly, the replacement of the SPP by treseh
step with phase delay afleads to a reduction in the foca
spot size. In this case, the ZP is illuminated gy light
field (25) whose amplitude is multiplied by -1 fifet coor-

e

S

y
is

1

at

'Pdinate y<0. In this case, the polarization of figétl field

incident on the ZP is shown in Fig. 6. It can bensthat
the polarization is azimuthal, but diametricallypopite
points of the field have the mutually opposite cign of
the polarization vector. Note that the polarizai®not de-
fined on the line of the phase jump (horizontat)in

30

I, a.u.

I(x))

20

0
a) ~-1.0
FWHM, ). .
0.34 .
0.321 :
0.301 ;
] Along X [
—————— Along Y 2
0.28 1 —— [ along Z \\
- L 0.505 um ~ - 5
0.26 | - _ Z i~}
6) 0 0.5 1.0 15

Fig. 5. The radial profile of the intensity in tE@® focus (Fig. 1)
of azimuthally polarized field with a phase singitia(Fig. 3)
(a) and the dependence of the focal spot diameteal&
intensity (FWHM) on the longitudinal coordinatet® for the
parameters, similar to fig. 4, but the incidenthligvavelength is
532 nm

Y, um ]
4

-4 -2 0
Fig. 6. The intensity |Ewith arrows that indicate the direction
of polarization

Fig. 7 shows the intensity profiles in the focabspn
thex- (solid line) andy-axes(dashed line) at different dis-
tances from the ZPz=40 nm (a) an@¢=200 nm (b).

Fig. 7 shows that the size of the focal spot alang
phase jump linex(axis) is smaller than in the direction
perpendicular to the phase jump line (y-axis). éitbh
the side lobes along the-axis adjacent to the focus
amount to up to 30% of the maximum intensity.

Fig. 8a shows the dependence of the focal spot size

FWHM (in wavelengths) on the x- and y-axes on tise d
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tance to the ZP. The solid curve in Fig. 8a - theaf spot
size along the-axis (y=0), the dashed curve - along th

y axis (x=0).
I, a.u.
4 Along X )
——— Along Y

3_

0

by 1.0 0.5 0 X, Y, wm
Fig. 7. The central section of the focal spot istgn(solid line
along the x axis, dashed line along y axis) atsiatice
of 40 nm from the ZP (a) and 200 nm (b)

Fig. 8b shows the dependence of the intensity é
center of the focal spot on the distance to thelzB.seen
from Fig. 8 that at the distance=40 nm, the size of thg
focal spot at half intensity is equal to FWHMR.239,,
FWHMy=0.273,, and at the distance=200 nm, the focal
spot size is greater: FWHMx0.273,, FWHMy=0.314..
The maximum intensity in the focus in relative anitt
these distances is equal thiax(z=40 nm)=3.67 and
Imax (z=200 nm}=1.4.

From the comparison of Figb4and Fig. & it can be
seen that at distance=200 nm, the focal spot size for
beam with azimuthal polarization that has passeaugn
the phase step, is smaller than FWHMY314.. And the
diameter of the focal spot of the beam with aziralytiolari-
zation that has passed through the SPP, is lalger
FWHM=0.324..

A comparison with light focusing with radially pota
ized light can be seen from fig. 9.

All simulation parameters are the same exceptrthe
cident field, which is describer by

E,(r.¢) =r exp(- ¢ W?*)) cosp,

E,(r.0) =rexp(- ¢ w?)) sin.
instead of (25).

The size of the focal spot at the same dista
(z=500 nm) is FWHM=0.388,, the focal spot has a roun

(27)

th

D

in absolute value in comparison with Fig. & is also seen

ethat the focal spot maximum intensity is 1.8 tiniégher

than for azimuthal polarization with phase singtylar

FWHM, )
0.6

FWHMXx

———— FWHMy

0.5

0.4 1

1.0

Z, um

b) 0 0.2 0.4 0.6 0.8 1.0
Fig. 8. The size of the focal spot along the ax@okd line)
and y (dashed line), depending on the distance frenZP (a)
and the dependence of the maximum of intensityeifioicus on
the distance along theaxis (b)

[ au.

60

501

40 1

30 1

20 1

10

XY,
wm

() T T T
-1.0 -0.5 0 0.5 1.0

Fig. 9. The radial cross-section of the intensityhe ZP focus,
when radial polarization is used. The wavelength=832 nm,
all other parameters are the same Fig. 5

Conclusion

We have obtained the following results. Using Ridka
~ Wolf formulas, the expression for the intensitytritisition
I'in the focus of an aplanatic lens for a laser begtman az-

imuthal polarization that has passed through alsphiase
plate with the a unit topological charge has beerived.
This expression, which consists of the sum of tategral
transformations, is theoretically compared with éxpres-
sion for the intensity in the focus of a beam witial po-
hclarization. It follows from the comparison that ttiameter
g of the focus of the beam with the azimuthal potditn and
phase singularity is smaller than the diameteheffocus of

shape. Also the FWHM is wider i it is about 9 nm tighter
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the beam with radial polarization. This is confidrigy the

numerical results obtained by other authors. Besitiee

light field in the focus of the beam with azimutipalariza-

tion and singular phase has no longitudinal compipraand

in contrast, the field in the focus of the beanhwédial po-
larization basically consists of a longitudinal qgmment. It
is shown numerically using FDTD method, that themter
of the subwavelength focus (FWHM.372,, =633 nm)

in the vicinity of a binary zone plate (N#0.995) for a laser
beam with azimuthal polarization and singular plfpassed
through a spiral phase plate with the unitary togickl

charge) is approximately 1.3 times smaller than ftival

spot diameter (FWHMO0.34. at NA=1.4) for the same|
beam, but obtained using an aplanatic lens withstrae
numerical aperture.

[4]

(5]

(6]

[7]

(8]

The width of the focal spot near the surface of the

zone plate is equal to FWH®N0.34\ (azimuthal polar-
izartion) and FWHM=0.39\ (radial polarization) for the
wavelength of 532 nm.

It has been shown numerically that focusing byzihee
plate (NA=0.995) of an azimuthally polarized laser beg
that has passed through a phase step witiplzase delay
produces an elliptical subwavelength focal sy
(FWHMx=0.273,, FWHMy=0.314\). The spot size way
found to be smaller than that (FWHM.372.) formed by
the transmission through the spiral phase plate.
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